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We determine tlie electromagnetic properties of decuplet resonances using chiral perturbation 
tiieory at next-to-leading order. Utilizing a partially quenched charge matrix, we isolate and remove 
the quark disconnected contractions. This allows us to compare the physical meson loop contri- 
butions to the connected contributions, of which the latter are currently calculated using lattice 
QCD. Finally we determine linear combinations of decuplet resonance and hyperon electromagnetic 
properties that are exactly independent of disconnected contractions in the isospin limit. 

PACS numbers: 12.38.Gc, 12.39.Fe 



I. INTRODUCTION 

Lattice QCD simulations continue to make dramatic 
progress towards addressing quantitatively the physics 
of strong interactions in the non-perturbative regime, 
see [l| for a comprehensive overview. In order to address 
the chiral extrapolation of observables determined from 
partially quenched lattice QCD simulations (which em- 
ploy differing values for valence and sea quark masses), 
partially quenched chiral perturbation theory (^PT) has 
been developed 0, 0, 0] ■ These techniques are applicable 
in a wider context, namely any situation for which va- 
lence and sea quark contributions must be distinguished. 
This is the case, for example, in mixed action simula- 
tions which employ different fermion discretizations for 
valence and sea quarks. Despite tuning valence and sea 
quark masses to be identical, masses of mixed mesons 
made of one valence and one sea quark arc not protected 
from additive renormalization, and partially quenched 
XPT calculations are needed to control systematics, see, 

e.g. MMM- 

An example relevant to the present work is that of 
the lattice determination of connected parts of correla- 
tion functions. Operator self-contractions are notorious 
for their statistical noise, and are often omitted from 
lattice calculations. The systematic effects of this ap- 
proximation can be addressed using partially quenched 
xPT. We will focus our consideration on the electromag- 
netic properties of the delta resonance. Connected parts 
of other observables in some cases have been explicitly 
computed 0, M, H, [l^j [lH , or can easily be derived from 
existing partially quenched results [H, [H, O, [H, 
The electromagnetic properties of delta resonances can 
be accessed indirectly using electromagnetic excitation 
of nucleons, see [13, H H, HEill, 0. With recent 
experimental work at MAMI~|23j|. there has been re- 
newed theoretical interest. Model independent results for 
decuplet electromagnetic properties have been deduced 



using xPT [2l|, |22, l24|, |25l. Beyond investigations us- 
ing the quenched approximation [26l . [27j , dynamical lat- 
tice QCD computations have been recently carried out, 
but with the exclusion of quark disconnected contrac- 
tions [H,!!!,!!!. 

In this note, we revisit the computation of decuplet 
resonance electromagnetic properties using xPT. Our fo- 
cus is on the connected part of such properties that have 
been investigated recently using lattice QCD simulations. 
It is not widely appreciated that partially quenched 
xPT can be utilized to address the omitted current self- 
contractions in these lattice calculations, e. g. [28| omits 
discussion of such systematic errors, while [231 suggests 
that perhaps one should compare lattice results to the 
quark model. We determine the connected contribu- 
tions by turning off the electric charges of the sea quarks. 
The observables wc consider are the charge radii, mag- 
netic moments, and electric quadrupolc moments. The 
decuplet magnetic octupole moments vanish at ncxt-to- 
leading order because there are neither local nor one-loop 
d-wave couplings to the photon [23|. This fact is not al- 
tered by quenching or partial quenching [l^. We also 
correct the absolute normalization of the magnetic mo- 
ments used in [2^. [3]| , and the erroneous loop integrals 
appearing in [l5|. 

Our main observation is that because partially 
quenched xPT tracks the flow of sea quarks, we can 
use this theory to determine the chiral behavior of the 
quark connected parts of electromagnetic current matrix 
elements. Consider the 5'?7(6|3) fundamental vector of 
quarks 



V'^ = iu,d,s,j,l,r,u,d,s), 



(1) 
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where in addition to the three light quark flavors, 
(u, d, s), there appear three ghost quarks (w, d, s). These 
ghosts are spin- 1/2 quarks of the wrong statistics so 
that when made degenerate with (u, d, s) respectively 
the closed light quark loops vanish. Thus using (u, d, s) 
in hadronic interpolating fields renders them truly va- 
lence quarks. With such valence hadrons, the remain- 
ing quarks (j, I, r) only appear in disconnected loops and 
are hence sea quarks. While in general the extension 



2 



of electric charges to partially quenched theories is not 
unique [H, H^l , there is an obvious choice corresponding 
to the actual lattice computations [1, [§| 



Q ^ diag{qu,qd, qs,qj,qi,qr, Qu, Qd, 9s)- 



(2) 



Here the ghost quarks are given identical charges to their 
valence counterparts, so that the only disconnected op- 
erator insertions arise from couplings to the sea quarks. 
The omission of quark disconnected contributions then 
corresponds to vanishing sea quark charges, qj = qi = 
qs=0. 

Meson loop diagrams make important contributions to 
the electromagnetic properties of hadrons. Imagine we 
have a (j(i)-valence-sea meson in a one-loop diagram for 
some electromagnetic observable. The j-quark is the sea 
counterpart to the u-quark and so ordinarily the photon 
coupling to this meson is set by the charge of the tt"*", 
namely Q = 1. With disconnected contractions omit- 
ted, qj ~ 0, and the charge of the (jc?)-meson becomes 
Q = qj — qd = 1/3. The charges of some loop mesons are 
reduced by omitting disconnected diagrams. Naively the 
contributions from charged meson loops are decreased in 
magnitude. Surprisingly quite the opposite can also be 
true: meson loop diagrams can be enhanced by neglect- 
ing disconnected operator contractions. This is because 
while some loop meson charges are decreased, others are 
suddenly turned on. In the partially quenched theory 
there is now also a (ju)-meson, which in xPT is electri- 
cally neutral (it is part of a propagating 7r°). Dropping 
disconnected contributions, however, the charge of this 
meson no longer vanishes, Q = qj — qu = —2/3, and the 
photon couples to it through loop diagrams. Of course, 
partially quenched xPT must be utilized to determine 
the group theoretic and charge factors for the various 
loop meson contributions. 

At this piont, we employ Eq. ^ with vanishing sea 
quark charges and revisit the calculation in [isj . This 
enables us to determine the connected parts of decuplet 
electromagnetic properties. We refer to this computation 
as connected xPT, leaving xPT to refer to the computa- 
tion using Eq. ^ with the physical values of the quark 
charges, i.e. g„ = qj = 2/3, q^ = q^ ^ qi ^ q,. = -1/3. 
Because the setup for the computation parallels that 
of [l^, we refer to that work for specific details. We 
present the connected parts of the decuplet charge radii, 
magnetic moments, and electric quadrupole moments. In 
doing so, moreover, we correct the erroneous loop inte- 



grals appearing in [15 1 



The electric charge radius is defined in terms of the 
slope of the charge form factor at zero momentum trans- 
fer. 



< 4 >= 6 



dq^ 



(3) 



g2=0 



For the decuplet state T, e.g. T — A++, the charge radius 



TABLE I: The loop coefficients for decuplet states in xPT. 
Listed are xPT and connected xPT values. 
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takes the form 



1 81 + 257^2 ^ , ' 

— E ^Jiog- 



(4^/)2 27 (4^/)2 ^^^^ - - 



5 



3 (47r/)2 



Aje(-A,m^,M),(4) 



where is the charge of the decuplet state T, e.g. for 
the A++, we have Q^^^ = 2, Cc is the unknown local 
contribution, A is the mass splitting between the decu- 
plet and octet baryons, and the non-analytic function 
G{5, m, fi) is defined in [24| . In our conventions, the pion 
decay constant is given by / = 132 Me V. Appearing in 
the expression for charge radii are coefficients for 
contributing loop mesons. These have been tabulated 
in Table [D The tabulated values show the effect of ne- 
glecting disconnected current insertions. For example, 
the pion loop contributions to the A+ are doubled in the 
connected case, while those for the A° are eliminated. 
On the other hand, xPT loop contributions for the S*'° 
should vanish but arc turned on in connected xPT. 

To define magnetic moments of decuplet resonances, 
we use the standard identification, namely the moment 
is defined by the z-component of the magnetic moment 
operator, M, in the state of maximal z-angular momen- 
tum 



.-i = /.-3 



7 = — , m 
J 2' 



J 



(5) 



The leading tree-level xPT operator is contained in the 
Lagrangian [3l| 



(6) 



with F^j, = d^Ai, — d^Afj^, and Mn as the nucleon 
mass. Using the explicit form of the normalized Rarita- 
Schwingcr spinor in Eq. we find Eq. ^ leads to 
magnetic moments of size: 2(5^/ic, in units of nuclear 
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magnetons, ^jv = e/2MM- Using the multipole decom- 
position of the spin-3/2 current matrix elements [ssj , one 
confirms this result [15l |. 

In units of nuclear magnetons, the magnetic moment 
of the decuplet state T is given by the expression 



+ 9(4^ 
2MnC^ 



i>=iT,K 



AlTi-A,m^,fi). (7) 



The coefficients for loop mesons are identical to those 
in Eq. ffl, while the non-analytic function J-'{S, m, fi) is 
given in [24|. The same comparison of xPT results to 
connected xPT results can thus be made. 

Finally for the electric quadrupolc moments, we de- 
termine the quadrupole form factor at zero momentum 
transfer. The quadrupole moment of the decuplet state 
T is given by 



Ge2{0) = Q^Qc 



Af2 



8 M^H^ 
(47r/)2 27 (47r/)2 



2M|C2 ^ Aje(-A,m,,M),(8) 



3 (47r/)2 



where Qc is the unknown local contribution. 

When one studies the connected part of nucleon cur- 
rent matrix elements using lattice QCD, one can form 
isovector combinations of electromagnetic observables 
that are exactly independent of sea quark charges in the 
limit of strong isospin. There are analogous quantities 
for decuplcts (and hyperons) that do not require discon- 
nected contributions to make physical predictions. To 
exploit isospin symmetry, we package the octet and decu- 
plet states into representations of SU{2)v [3l,[3l|. Con- 
sider two baryons (of the same spin) that are elements of 
the same isospin multiplet, e.g. A++ and A+ are both 
in the quartet of deltas, or S"*" and S~ are both in the 
triplet of spin-1/2 sigmas. Label these states by their 
isospin J, and z-components m and m' . Now consider 
the difference of their current matrix elements 

S{m,m') = {j,m\Jf,\j,m) - {j,m'\J^,\j,m'). (9) 

The electromagnetic current can be written in terms of 
isoscalar and isovector contributions, 



T, 



1,0 



(10) 



where Tj^ 



■■^djf_,d--^sjfj,s, andT^ 



1.0 



2^7^^. As a consequence of the Wigner-Eckart theo- 
rem, the isoscalar contribution must drop out of 6{m, m'). 
While the isovector part of the current does not cancel 
out of the difference, each matrix element of T,^° does 
not have disconnected operator contractions if we take 
the strong isospin limit. Thus all differences of the form 



d{m,m') in Eq. ([9|) are exactly independent of sea quark 
charges provided niu = m^. Values for coefficients 
in Table H] corroborate this fact at one-loop order in the 
chiral expansion. 

The matrix element differences just discussed are ex- 
actly independent of disconnected electromagnetic cur- 
rent contributions. There is, however, additional physical 
information that can be deduced from connected lattice 
QCD correlation functions by using the SU{3) chiral ex- 
pansion. We again group the hyperons into isospin multi- 
plets. Consider the differences in particle electromagnetic 
properties between two different isospin multiplets. The 
extracted differences in magnetic moments, for example, 
will not be directly comparable to experiment. Despite 
this fact, the first low-energy constants omitted by not 
calculating disconnected contractions are at fourth order 
in the SU{3) chiral expansion. The reason for this stems 
from the traceless condition on the electric charge matrix, 
as we now explain. 

Operators in xPT involving the trace of the charge 
matrix (or more correctly the supertrace in partially 
quenched theories) account for local interactions of the 
photon with the sea quarks. Such operators are turned 
off when only connected diagrams are calculated on the 
lattice. Because str(Q) = 0, there are no leading-order 
operators depending on the sea quark charges, hence no 
local terms are omitted by calculating only the connected 
parts. At second order, there are operators depending on 
the sea quark charges that are proportional to str(mqQ). 
A quark mass insertion costs two powers of the small 
expansion parameter in xPT power counting. This cou- 
pling to the sea quarks, however, is identical for each 
member of the SU{3) multiplet, hence differences be- 
tween electromagnetic properties are free of disconnected 
local contributions at second order in the chiral expan- 
sion. 

To find quark disconnected local terms contributing to 
differences of electromagnetic properties, we must go to 
fourth order. For example consider the following operator 



O = {Tf'm,T'')stT{m,Q)F^,, 



(11) 



for the case of the decuplet baryons, with similar op- 
erators for the octet baryons. When multiplied by an 
unknown low-energy constant, this operator makes con- 
tributions to decuplet magnetic moments. The action 
of this operator is different between isospin multiplets, 
and consequently contributions that stem from it will 
not cancel in magnetic moment differences. The opera- 
tor in Eq. (fTT|) . however, is turned off when one calculates 
only connected contributions. Because the operator is at 
fourth order, the error introduced by omitting discon- 
nected diagrams in the difference of magnetic moments 
should be small provided the SU(3) expansion is under 
control. 

The differences in electromagnetic properties of parti- 
cles from different isospin multiplets (but identical spins) 
arc thus sensitive to all physical low-energy constants up 
to terms that scale generically as rnZ /(2V27r/)4 - 0.06. 
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This fact is particularly useful for studying the connected 
parts of fJ,'^^^ — iJp' , and fjP* — in lattice QCD, 
where fi^^ is the magnetic dipole transition moment be- 
tween the A and S° baryons. To study such differences 
using lattice data for the connected contributions, one 
can determine the unknown low-energy constants, and 
input these values into xPT expressions to make physi- 
cal predictions. 

Lastly we discuss an oddity of the dccuplct electro- 
magnetic properties relating to quenching. This is par- 
ticularly relevant give n claims from a recent quenched 
lattice QCD study [3y|. The loop mesons contributing to 
the decuplet current matrix elements are entirely of the 
valence-sea variety. If dynamical quarks are quenched, 
so too are the loop contributions calculated here. In the 
quenched case, there arc unphysical contributions from 
quenched hairpins [s^l- These have been calculated ex- 
plicitly, and shown to be the only contributions at next- 
to-leading order in the quenched theory of decuplet elec- 
tromagnetic properties [l5| . To use these quenched xPT 



results, one must first correct the erroneous loop inte- 
grals in The following replacement to Eq. (41) of 
that work corrects the quenched results 

/(mi,m2, Ai, A2,m) /(TOi,m2, Ai - A, A2 - A, ^). 

(12) 

While it is true that decuplet masses retain parts ofyPT 
pion loop contributions despite quenching [ssl . [39| (as 
happens for the nucleon (40|). none of these contributions 
remain for their electromagnetic properties. Instead they 
only inherit artifacts of quenching. Fortunately lattice 
QCD has progressed beyond the quenched approxima- 
tion. 
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